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<^ . Abstract 

^ I In this paper we prove two main results about obstruction to graph planarity. 

One is that, if G is a 3-connected graph with a ^5 -minor and T is a triangle of 
G, then G has a iCs-minor H, such that E{T) c EiH). 

r^\ . Other is that if G is a 3-connected simple non-planar graph not isomorphic 

to Ks and e,fe EiG], then G has a minor H such that e,fe E{H) and, up to iso- 
morphisms, H is one of the four non-isomorphic simple graphs obtained from 
^3,3 by the addiction of 0, 1 or 2 edges. We genercilize this second result to the 
class of the regular matroids. 
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■^ . 1. Introduction 

O; 

^ ! We use the terminology set by Oxley 14J] . Our graphs are allowed to have 

loops and multiple edges. When there is no ambiguity we denote hj uv the 
edge linking the vertices u and v. We use the notation si{GI e) for a simplifica- 
tion of G (a graph obtained from G by removing all loops, and all, but one, edges 

c^_' in each parallel class). Usually we choose the edge-set of si{G) satisfying our 

purposes with no mentions. It is a consequence of Whitney's 2-Isomorphism 
Theorem (Theorem 5.3.1 of \^) that, for each 3-connected graphic matroid M, 
there is, up to isomorphisms, a unique graph whose M is the cycle matroid. We 
also use this result without mention, so as Kuratowski and Wagner Theorems 
about graph planarity. When talking about a triangle in a graph we may be re- 
ferring both to the subgraph corresponding to the triangle as to its edge-set. We 
say that a set of vertices in a graph is stable if such set has no pair of vertices 
linked by an edge. 



Preprint submitted to Elsevier April 23, 2013 



Figure 1: Labels for extensions of ^33 




^3,3 



Let U and V be different maximal stable sets of vertices in K^^^. We define 
to be the simple graph obtained from K^^^ by adding / edges linking pairs 
of vertices of U and j edges linking pairs of vertices of V. By default, we label 
the vertices of ^33 like in Figure 1. 

A family ^ of matroids (graphs, resp.) is said to be A;-rounded in a minor- 
closed class of matroids (graphs, resp.) jV if each member of ^ is (A; + 1)- 
connected and, for each [k + 1) -connected matroid (graph, resp.) MofjY with 
an ^-minor and, for each A;-subset X c E{M), M has an ^-minor with X in its 
ground set (edge set, resp.). When jY is omitted we consider it as the class of all 
matroids (graphs, resp.). By Whitney's 2-isomorphism Theorem, the concepts 
of fc-roundedness for graphs and matroids agree, for k>2. Such definition is 
a slight generalization of that one made by Seymour 17]. For more information 
about fc-roundedness we refer the reader to Section 12.3 of 1 4]. 

The second main result stated in the abstract is Corollary ll.2l that follows 
from the next Theorem we establish here: 



Theorem 1.1. The following families of graphs are 2 -rounded: 

(a) {^3,3 , ^33 , ^33 , -^3 3 } and 

(b) {-^^3,3 , X3 3 , X3 3 , ^33 , ^^5 } . 

Moreover, the following families of matroids are 2-rounded in the class of the 
regular matroids. 

(c) {MiKs,3),MiK^p,MiK^'^),MiKli)} and 



^3,3' 



^3,3' 



-0,1, 



(d) {MiKs,3),Miiqp, M{K°'^), M(4'3^), M(^5)}- 

Seymour }&, (7.5)]proved that each 3-connected simple non-planar graph 
not isomorphic to K5 has a K^^s-mmov. So, as consequence of Theorem ll.il we 
have: 



Corollary 1.2. IfG is a 3-connected simple non-planar graph and e,fe E{G), 

then either G = 

thatejEEiH] 



K5 or G has a minor H isomorphic to K33 , K^'l , K^'^ or k]'] such 



^3,3 '■'^3,3 



^3,3 



The next Corollary follows from Theorem ll.il combined with Bbcby's The- 
orem about decomposition of connected matroids into 2-sums (|4i Theorem 
8.3.1]). To derive the next corollary, instead of Theorem II. 11 we also may use 
a result of Seymour |7], which states that {U2,4,MiK3^3),MiK^'}),MiK5)} is 1- 
rounded. 



Corollary 1.3. IfG is a non-planar 2 -connected graph and e £ E{G), then G has 

'"3,3 



a minor H isomorphic to K^, K-i,-i orK^'l such thatee E{H). 



The first result we state at the abstract is Corollary ! 1.51 that follows from the 
following theorem: 

Theorem 1.4. IfG is a 3-connected simple graph with a K^'^ -minor and T is a 
triangle ofG, then G has a K^'^ -minor with E{T) as edge-set of a triangle. 

Corollary 1.5. IfG is a 3-connected simple graph with a K^-minor and T is a 
triangle ofG, then G has a K^-minor with E[T) as edge-set of a triangle. 

Other results about getting minors preserving a triangle were proved by 
Asano, Nishizeki and Seymour u|. Truemper Isl proved that if G has a ^3,3- 
minor, and e, f and g are the edges of G adjacent to a degree-3 vertex, then G 
has a i<C33 -minor using e, f and g. 

We define a class ^ of 3-connected matroids to be (3, k, Z) -rounded in JY 
provided the following property holds: if Mis a 3-connected matroid in jY with 
an ^-minor, X Q E{M), \X\ - k and r(X) < /, then M has an =^-minor N such 
that X c E{N) and N\X = M\X. 

Another formulation for Theorem ll.4l and Corollary ! l.Sl is that {M{K^'^)} and 
{MiKs)} are (3, 3, 2) -rounded in the class of graphic matroids. Costalonga |3i](in 
the last comments of the introduction) proved: 

Proposition 1.6. Let2 <l<k<3. Let^ be a finite family of matroids and J/' a 
class of matroids closed under minors. Then, there is a{3,k, I) -rounded family of 
matroids ^' such that each Me ^' has an ^ -minor N satisfying riM] - r[N) < 

In [3] there are more results of such nature. Although a minimal (3,3,3)- 
rounded family of graphs containing {K^jK^^s} exists and even has a size that 
allows a computer approach, it has shown to be complicated. Such family must 
at least include the graphs K^'^^, for i + j < 3, K^ and the following two graphs 
in Figure 2, obtained, respectively, from ^^3 3 and K^ by the same kind of vertex 
expansion, which shall occur in such kind of families. 



Figure 2: Members of a (3, 3, 3) -rounded family containing {^s.Xaa} 





2. Proofs for the Theorems 

The proof of Theorem I 1 .H is based on the following theorem: 

Theorem 2.1. (Seymour 121, see also M Theorem 12.3.9]) Let J/ be a class of 
matrolds closed under minors, and ^ he a family of3-connected matroids. If 
for each matroid M, for each e £ E{M) such that Ml e e^ or M\e e ^ and for 
each f £ E{M) - e there is an ^ -minor using e and f, then ^ is 2-rounded in 

J/. 

Seymour proved Theorem [ZT] when J{ is the class of all matroids. But the 
same proof holds for this more general version. By Whitney's 2-isomorphism 
Theorem, the analogous for graphs of Theorem l2.1l holds. 

Proof of theorem \T7h For items (a) and (b) we will consider J{ as the class 
of graphic matroids and for items (c) and (d) we will consider J{ as the class of 
regular matroids. In each item we will verify the criterion given by Theorem l2.1i 

First we prove item (a). We begin looking at the 3-connected simple graphs 
G such that G\e £ ^^ := {iTs.s, icjg , xj"'!, i<:3'3 }. We may assume that Gt^a- So, 

up to isomorphisms, G = K^^ or G = K^'^ for some k £ {1,2,3}. Thus e t E{K2,,-i). 
Define H := GWiKs^^) u {e,f}]. life EiK^^s), then H = K^'l otherwise H = K°-^ 

or H = K^'^. Thus H is an ^^a-minor of G and we may suppose that G/e £ ^a- 

e have that G is 3-connected and simple, in particular, G has no degree-2 
vertices, hence G must be obtained from G/e by the expansion of a vertex with 
degree at least 4. This implies that G ^ K^^s. Thus, we may assume that G/e is 
one of graphs K^'^, K^'^ or K^'^. We denote e:= WiWz. 

If G/e = iCg 3, then G is obtained from G/e by the expansion of a degree- 
4 vertex. In this case we may assume without losing generality that G is the 
graph Gi, defined in Figure 3. Note that, in this case, G1/U3W2 = .^3,3 and that 
G1/U3V1 = i(r3'3(with {ui,U2, W2} stable). So, one of G1/U3W2 or G1/U3V1 is an 
^fl -minor we are looking for. So we may assume that G 7^ iCg 3 . 

If G = id 3, then G = Gi + U2U3 and the result follows as in the preceding 



case. Hence we may assume that G/e = K?'^ 









Figure 3: 
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If G is obtained from G/e by the expansion of a degree-4 vertex, then G = 
G2 = Gi + vi wi. In this case we may proceed as in the first case again. 

Thus, if G/e = K^'^, we can assume that G is obtained from G/e by the ex- 
pansion of the degree-5 vertex. If {^i Wi, v^ W2} or {vi W2, Vs Wi) is contained in 
E{G), then G is again isomorphic to G2 and we are reduced to the first case 
again. Without loss of generality, say that Vi W2, V2 w 2 ^E{G). Then G is one of 
the graphs G3 or G4 in Figure 3. If G = G3, then one of G3/V1W2 or G3/W2V3, 
both isomorphic to iC'g is the ^^^-minor we are looking for. If G = G4, then one 
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of 5i(G4/M3U^2) (= ^33) or si(G4/u3Vi)i= ^33, with {1/1,^2,1^2} stable) is such 
an ^a -minor. This proves item (a). 

Now we prove item (b). We just have to examine the 3 -connected sim- 
ple single-element extensions and coextensions ofK^, since other verifications 
were made in the proof of item (a). The unique graph G with an edge e such 
that G/e = K5 or G\e = K^ is K^'^ (up to isomorphisms). So, we have item (b). 

Now we prove item (c). By the proof of item (a), it is just left to examine 
the 3-connected extensions and coextensios of the matroids in ^c '■- {M{K3^3), 
MiK^'p, M(^3|), MiK^p} which are not graphic. By B Theorem 13.1.2 and 
Proposition 12.2.8], each 3-connected regular matroid is graphic, cographic, 
isomorphic to i?io or has a i?i2 -minor. But no cographic matroid has a minor 
in ^c- Moreover, by cardinality, Rm also has no ^c -minor. So, the unique non- 
graphic matroids M such that M\e or M/e is possibly in ^c are those with i?i2- 
minors. Specifically, by cardinality and rank the unique non-graphic matroid 
that possibly have a single element deletion or contraction in ^c is Ri2> up to 
isomorphisms. Usually i?i2 is defined as the matroid represented over GF(2) by 



the following matrix: 



B:-- 



Z2 
Z3 
Zi 
Z5 
Z& 



123456789 

fl 1 1 1 

10 110 

10 10 

10 10 

10 1 

y^O 00001000 



10 


11 


12 











1 











1 











1 
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1 



Now, we build a representation of 5i(i?i2/l) as follows. First, we eliminate the 
first row and column of B and eliminate column 9, that became equal col- 
umn 5, after that, we add row z^ to row zq and, finally, we add an extra row 
z-j equal to the sum of the other rows. So we get the matrix A, defined next: 



2 3 4 5 6 7 8 10 11 12 

ZzflOOOOll 1 O'' 

Z3 01000100 1 

Z4 00100010 1 

Z5 00010000 1 1 

Z6 0001100 1 

Z7V1110100 Oy 



Figure 4: 
Z-i^ Z ^Z2 




Note that i?i2/l\9 = 5?(i?i2/l) = i?i2/l\5 is the cycle matroid of a graph in 
Figure 4. Now, observe that, inverting the order of the rows in matrix B give us 
an automorphism cp of i?i2 such that 0(1) = 6. Moreover i?i2 is self dual, where 
an isomorphism between i?i2 and Rl^ takes 1 into 7. So {1, 6, 7} is in a orbit of the 
automorphism group of i?i2. Thus so(i?i2/l) = 5/(i?i2/6) = siiRuH) = M{K^^) 
and the ground set of one of these matroids can be chosen containing {e,f}. 
Therefore, for each pair of elements of Ru, there is an ^c-minor containing 
both. This proves item (c). 

To prove item (d) we observe that ifM/e=M(iC5) or M\e= {K^), then \E{M)\ = 
11, so M is not isomorphic to Riq neither has an i?i2 -minor. Moreover M is not 
cographic in this case. So, all matroids we have to deal are graphic, and the 
proof of item (d) is reduced to item (b) . D 



Lemma 2.2. Let G beaS -connected simple graph not isomorphic to K5 . Then G 



1,1 



has a K^-minor if and only ifG has a Kn 'n -minor. 




Figure 5: 
Ui» ^Vi 





Proof: If G has a K^ 3 -minor, then G has a ^5 -minor, because ^5 = ^33/ Ui Vi . In 
other hand, suppose that G has a i<C5 -minor. By the Splitter Theorem (Theorem 
12.1.2 of |4]), G has a 3-connected simple minor H with an edge e such that 
H/e = K^or H\e^ K^. But no simple graph H has an edge e such that H\e = K^. 
So H/e^ K5. Now, it is easy to verify that H ^ K^'^ and conclude the lemma. D 

The next result is Corollary 1.8 of 121]. 
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Corollary 2.3. Let G be a simple 3-connected graph with a simple 3-connected 
minor H such that \ViG)\-\ViH)\ >3. Then there is a3-subset {x, y, z} ofE{G), 
which is not the edge-set of a triangle ofG, such that Glx, Gly, GIz and Glx, y 
are all 3 -connected graphs having H -minors. 

Proof of Theorem [L% Suppose that G and T is a counter-example to the 
theorem minimizing |y(G)|. If | V(G)| > 8, by CoroUaryO applied to G and K^, 
G has an edge e such that, e t clM{G)iT) and G/e is 3-connected and have a 
^5-minor. Thus si{G/e) is a 3-connected simple graph having T as triangle. By 
Lemma [Z2I si(GI e) has a ^33 -minor, contradicting the minimality of G. Thus 



'i.j 



\V{G)\ < 7. If |y(G)| = 6, then G = ^3'^ for some 1 < / < ; < 3. In this case, the 
Theorem can be verified directly. Thus | V{G) \ = 7. 

So, there is e £ £(G) and X c E{G) such that G\X/e = ^3-3 . IfetT, si{Gle) 
contradicts the minimality of T,soee T. We split the proof into two cases now. 

The first case is when e is adjacent to a degree-2 vertex v of G\X. Let / 
be the other edge adjacent to v in G\X. So e,f e T, otherwise, si{G/f) would 
contradict the minimality of G. 

Up to isomorphisms, G\X can be obtained from K^'^ = G\Xle by adding 
the vertex v in the middle of some edge e' . By symmetry, we may assume that 
e' e {ui V2, V2 Vs, ui vi). So, there are, up to isomorphisms, three possibilities for 
G\{X - T), those in Figure 5. Since G is simple, G has a third edge g adjacent to 
V. For any of the graphs in Figure 5, it verifies that si{G\{X - T)l g) contradicts 
the minimality of G. So the proof is done in the first case. 

In the second case, e is an edge of G\X whose adjacent vertices has degree 
at least 3. We may suppose that the end-vertices Wi and Wz of e collapses into 
1^2 when contracting e in G\X. Let She the set of edges incident to V2 mG\X/e. 
We also may assume that wz is adjacent to vs in G\X. With this assumptions 



G\{X u S) is the graph G4 of Figure 6. Note also that G\X is obtained from G4 
adding 3 edges, each incident to a different vertex in {ui, U2, u^}, two of then 
incident to wi and one incident to Wz- Since switching U2 and U3 in G4 induces 
an automorphism, we may suppose that Uz wi g E{G\X). Then, without losing 
generality, G\X is one of the graphs G5 or Gq in Figure 6. 






In the case that G = G5, in Figure 7, in the first row, for each possibility for 
T we draw G\{X - T). The bold edges are those of T. In each graph of the first 
row, the double edge g has the property that the graph si{G\{X - T)l g), draw 
in the second row in the respective column, contradicts the minimality of G. 
The vertex obtained in the contraction is labelled by z. In the third and fourth 
rows of Figure 7, we have the same for the case in which G-G%. This proves the 
theorem D 

Proof of Theorem \LBi Suppose that G is a 3-connected simple graph with 
a iCs-minor and T is a triangle of G. We may suppose that G ^ ^5. By Lemma 
12.21 G has a 3-connected simple minor H = -^^33. By Theorem ll.41 we choose H 
having the edges of T in a triangle. Let ee Hhe the edge such that Hle = Ks. 
Note that e is in no triangle of H. So Hie is the iCs -minor we are looking for. D 
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